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GENERALIZED CHARACTER SUMS ASSOCIATED TO
REGULAR PREHOMOGENEOUS VECTOR SPACES
DAVID KAZHDAN AND ALEXANDER POLISHCHUK
The purpose of this note is to give a short derivation of the finite field analogue of
Sato’s functional equation for the zeta function associated with a prehomogeneous
vector space (see [16]). We restrict ourselves to the case of a regular prehomoge-
neous vector space, however, we allow to twist our character sums by local systems
associated to arbitrary representations of the component group of the stabilizer of
a generic point. The main idea of our approach is to use the Picard-Lefschetz for-
mula in l-adic cohomology instead of using a lift of a prehomogeneous space to the
characteristic zero (as it is done in [4]). Also we deduce another functional equation
associated with a regular prehomogeneous vector space (theorem 1.4).
1. Preliminaries and formulation of the main results
Throughout this paper k denotes an algebraically closed field of characteristic p,
k0 denotes its finite subfield. By a sheaf on a scheme X over k or k0 we mean an
object of the derived category of constructible l-adic sheaves, where l 6= p (see e.g.
[2]). For a morphism f : X → Y we denote by f!, f∗, f !, f∗ the natural derived
functors between the sheaves on X and Y . Often we use the notation F (f) for
f∗F where F is a sheaf on Y . For a sheaf F we denote by pHi F the i-th perverse
cohomology of F (see [1]). For a scheme X defined over k0 we denote by Frobk0 the
geometric Frobenius morphism on X . Recall that according to theorem of Laumon
(see [11]) if F is a sheaf on a k-scheme X then one has the equality of two kinds of
Euler-Poincare´ characteristics
χ(X,F ) = χc(X,F ).
By a multiplicative character of k we always mean a continuous homomorphism
from Zˆ(1)(k) = proj lim(N,p)=1 µN (k) to Q
∗
l . For every multiplicative character
χ we denote by Lχ the corresponding Kummer sheaf on Gm. We will often use
the following theorem of Deligne (see [6]): for every sheaf K on Gm and every
multiplicative character χ one has χ(Gm, Lχ ⊗K) = χ(Gm,K).
If χ is a character of k∗0 then it can be considered as a multiplicative character
of k via the natural homomorphism Zˆ(1)(k) → k∗0 . Then the sheaf Lχ is defined
over k0 and Frobk0 acts on the fiber of Lχ at a ∈ Gm(k0) as the scalar χ(a).
If G is a connected algebraic group acting on X then one can define the category
of G-equivariant perverse sheaves on X (see e.g. [13]). More generally, one can
consider relative G-equivariant perverse sheaves on X corresponding to the pair
(α, χ) where α : G→ Gm is a group homomorphism, χ is a multiplicative character
of k. These are perverse sheaves F such that there exists an isomorphism
m∗F [dimG] ≃ Lχ(α) ⊠ F [dimG]
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of perverse sheaves on G×X , where m : G×X → X is the action morphism (such
an isomorphism on G × X can be chosen canonically by imposing the condition
that its restriction to e×X is the identity, where e ∈ G is the neutral element). If
the action of G on X is transitive, and F is a relative G-equivariant perverse sheaf
on X then there exists a local system L on X such that F = L[dimX ]. One can
show that a subquotient of a relative G-equivariant perverse sheaf is again relative
G-equivariant (the proof is similar to [14],(1.9.1)). In particular, an irreducible
object in the category of relative G-equivariant perverse sheaves is irreducible as a
perverse sheaf.
Let ψ be a non-trivial additive character of k0. We denote by Lψ the correspond-
ing Artin-Schreier sheaf on A1 (defined over k0). Let V be a finite-dimensional
vector space over k. Then the Fourier-Deligne transform (see [12]) of a sheaf F on
V is the sheaf
F(F ) = (p2)!(p∗1F ⊗ Lψ(〈v, v∨〉))[dim V ]
on the dual space V ∨, where pi are the projections of V ×V ∨ on two factors, 〈v, v∨〉
denotes the pairing between V and V ∨.
For a multiplicative character χ we denote
G(χ) = G(χ, ψ) = H1c (Gm, Lχ ⊗ Lψ).
This is a 1-dimensional Ql-space. If χ is a character of k
∗
0 then the action of the
Frobenius on G(χ) is given by
g(χ) = g(χ, ψ) = −
∑
a∈k∗
0
χ(a)ψ(a).
One has the following isomorphism of sheaves on Gm:
j∗1F(j1!Lχ) ≃ G(χ)⊗ Lχ−1 (1.1)
where j1 : Gm → A1 is the standard embedding. Furthermore, if χ is non-trivial
then
F(j1!Lχ) ≃ G(χ)⊗ j1!Lχ−1 . (1.2)
The facts about prehomogeneous spaces we use below are essentially contained
in [10], we only need to make slight changes due to finite characteristics (see e.g.
section 1 of [9]). Let G be a connected reductive group over k, V be a regular
prehomogeneous vector space over k for G. This means that G acts linearly on
V with an open orbit U ⊂ V and there is a relative invariant f ∈ k[V ] with the
character α ∈ Hom(G,Gm): f(gx) = α(g)f(x), such that F = grad log f gives a
dominant map from U to V ∨. We fix such an invariant f once and for all. Often
we consider f as a morphism U → Gm, in particular, we consider sheaves of the
form Lχ(f) on U where χ is a multiplicative character. The dual space V
∨ is also
a regular prehomogeneous space for G, F induces a G-equivariant morphism of U
onto an open G-orbit U∨ ⊂ V ∨. We assume that our prehomogeneous vector space
is separable in the sense of [9], i.e. the map F is separable and the open orbit
morphism G → V ∗ : g 7→ gv∨ is separable for generic v∨. Then as shown in [9]
there exists a relative invariant f∨ ∈ k[V ∨] with the character α−1 and the map
F∨ = grad log f∨ is inverse to F . Moreover, in this case the closed set V \U (resp.
V ∨ \U∨) coincides with the hypersurface f = 0 (resp. f∨ = 0). Since the function
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f∨(F (x))f(x) on U is G-invariant it should be constant, hence, we can rescale f∨
in such a way that
f∨(F (x)) = f(x)−1. (1.3)
Substituting x = F∨(x∨) into this equation we obtain
f(F∨(x∨)) = f∨(x)−1. (1.4)
Since F is homogeneous of degree −1 the equation (1.3) also implies that deg f∨ =
deg f .
Let H be the stabilizer of a point x0 ∈ U . Then G-equivariant local systems
on U correspond to representations of the group H of connected components of H .
For an irreducible representation ρ of H let us denote by Vρ the corresponding local
system on U .
For a multiplicative character χ and an irreducible H-representation ρ we con-
sider the relative G-equivariant perverse sheaf
SV (χ, ρ) = j!(Lχ(f)⊗ Vρ)[n]
on V where j : U → V is the natural open embedding, n = dim V .
We want to determine the Fourier-Deligne transform of the perverse sheaf SV (χ, ρ)
when it is irreducible. We’ll show below that this is the case for almost all χ. Also
we’ll show that the restriction of F(SV (χ, ρ)) to U∨ is non-zero, therefore, by irre-
ducibility F(SV (χ, ρ)) is the Goresky-MacPherson extension of its restriction to U∨
which should be of the form Lχ−1(f
∨) ⊗ V∨[n] for some irreducible G-equivariant
sheaf V∨ = Vρ∨ on U∨. It follows that for generic χ one has
F(SV (χ, ρ)) ≃ SV ∨(χ−1, ρ∨).
Our main problem will be to determine ρ∨. We’ll show that it doesn’t depend
on χ but only on ρ. Furthermore, notice that there is a natural isomorphism
between the stabilizer H of a point x ∈ U and the stabilizer of the point F (x) ∈ U∨
(since F is G-equivariant). Thus, V∨ corresponds to some irreducible representation
of H depending only on the original representation ρ. The explicit form of this
dependence it given in the following theorem.
Theorem 1.1. There exists a homomorphism ǫ : H → {±1} such that
(a) for almost all multiplicative characters χ one has
F(SV (χ, ρ)) ≃ SV ∨(χ−1, ǫ⊗ ρ). (1.5)
(b) for all characters χ one has
(j∨)∗F(SV (χ, ρ)) ≃ (j∨)∗SV ∨(χ−1, ǫ⊗ ρ). (1.6)
Now assume that our prehomogeneous vector space and a relative invariant f
are defined over a finite field k0 and assume that U(k0) is non-empty (then f
∨ is
also defined over k0). Then for every character χ of k
∗
0 the sheaves SV (χ, ρ) can be
equipped with the natural action of Frobenius but the isomorphism (1.6) is not in
general compatible with the action of Frobenius on LHS and RHS. The difference
between two actions is given by a non-zero constant depending on χ. We will show
that this constant is essentially a product of some Gauss sums. Then considering
the traces of Frobenius acting on both sides of (1.6) one derives some identities for
character sums. Here is a more precise formulation. Let us fix a point x0 ∈ U(k0).
Then there is a natural action of Frobk0 on the component group H . Let ρ be an
irreducible representation of H in a Ql-space W .
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Definition. An action of Frobk0 on the representation ρ is an operator A ∈ GL(W )
such that
ρ(Frobk0(h)) = A
−1ρ(h)A
and AN = id for some N > 0
Remark. An action of Frobk0 on ρ exists if and only if H-representations ρ◦Frobk0
and ρ are isomorphic.
Let us fix an action of Frobk0 on ρ. Then A descends to an isomorphism of
G-equivariant local systems Frob∗k0 Vρ → Vρ. Notice that our assumption AN = id
implies that the Weil sheaf Vρ is pure of weight 0. For every finite extension k1 of
k0 and x ∈ U(k1) we define a conjugacy class ρx in GL(W ) as follows: choose an
element g ∈ G/H0(k0) such that gx0 = x (where H0 is the identity component of
H), then Frobk1(g) = gh for some h ∈ H/H0 = H, now ρx is the conjugacy class
of A[k1:k0]ρ(h−1). Then we have
Tr(Frobk1 , (Vρ)x) = Tr(ρx).
We apply similar constructions to the dual prehomogeneous space V ∨ taking as
a fixed point x∨0 = F (x0) ∈ U∨(k0). Also we fix a square root of |k0| in Q
∗
l . This
leads to a choice of a square root of |k1| for every finite extension k0 ⊂ k1. Recall
that an algebraic number a ∈ Q∗l is called pure of weight w relative to |k0| if for
any isomorphism i : Ql → C one has |i(a)| = |k0|w/2.
Theorem 1.2. For every irreducible representation ρ of H equipped with an action
of Frobk0 there exists a finite extension k
′
0 of k0, two collections of characters of
(k′0)
∗: (λ1, . . . , λm+d) and (µ1, . . . , µm), where d = deg(f), and a constant ζ ∈ Q∗l
of weight 0, such that for every finite extension k1 of k
′
0 and for every character χ
of k∗1 one has
(−1)nq−n2
∑
x∈U(k1)
Tr(ρx)χ(f(x))ψ(T 〈x, x∨〉) = ζ [k1:k0] ×
m+d∏
i=1
g(χ(λi ◦N))√
q
·
m∏
j=1
g(χ−1(µj ◦N))√
q
· Tr((ρ⊗ ǫ)x∨)χ−1((−1)mf∨(x∨)) (1.7)
for every x∨ ∈ U∨(k1), where q = |k1|, T : k1 → k0 is the trace, N : k∗1 → (k′0)∗ is
the norm. Furthermore, if χ is different from all the characters λ−1i ◦N and µj ◦N
then the sum in the LHS vanishes for x∨ in the complement to U∨.
Remarks. 1. If all the characters λi and µj are compositions of the norm homo-
morphism and some characters of a subextension k′′0 ⊂ k′0 then one can replace k′0
by k′′0 in the above formulation.
2. In the case when ρ is trivial and the prehomogeneous space is obtained by
reduction from characteristic zero, according to [4] one has m = 0 in the identity
(1.7). Also in this case ζ is a root of unity. We don’t know whether this remains
true for arbitrary representation ρ.
Corollary 1.3. Let χ be one of the characters λ−1i or µj. Then
F(j!∗(Lχ(f)⊗ Vρ[n]))|U∨ = 0.
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Proof. This follows easily from the fact that the weight of the RHS in (1.7) drops
for such χ. Indeed, in this case the pure perverse sheaf of weight 2n
F(j!∗(Lχ(f)⊗ Vρ[n]))|U∨
is a quotient of the perverse sheaf
F(j!(Lχ(f)⊗ Vρ[n]))|U∨
which is pure of weight < 2n, hence the former sheaf should be zero.
As before we fix a square root of |k0| in Q∗l . This allows to define the square
root of the Tate twist F 7→ F (12 ) which multiplies the action of Frobk0 by |k0|−
1
2 .
Theorem 1.4. Keeping the notations of theorem 1.2 for every character χ of (k′0)
∗
one has the following isomorphism of sheaves over k′0:
F j˜!∗(Lψ(f(x)u1 . . . um
t1 . . . tm+d
)⊗ Lχ(f(x)u1 . . . um
t1 . . . tm+d
)⊗ Vρ(x) ⊗
⊗
i
Lλi(t
−1
i )⊗
⊗
j
Lµj (u
−1
j ))(m +
d+ n
2
) ≃ ζdeg ⊗ j˜∨!∗(Lψ(
(−1)m+dt∨1 . . . t∨m+d
f∨(x∨)u∨1 . . . u
∨
m
)⊗
Lχ(
(−1)m+dt∨1 . . . t∨m+d
f∨(x∨)u∨1 . . . u
∨
m
)⊗ Vρǫ(x∨)⊗
⊗
i
Lλi(−t∨i )⊗
⊗
j
Lµj (−u∨j ))
where j˜ : U × G2m+dm → V × A2m+d (resp. j˜∨ : U∨ × G2m+dm → V ∨ × A2m+d)
is the natural open embedding, (x, t1, . . . , tm+d, u1, . . . , um) are the coordinates on
V ×A2m+d, (x∨, t∨1 , . . . , t∨m+d, u∨1 , . . . , u∨m) are the dual coordinates on V ∨×A2m+d,
ζdeg is the geometrically constant sheaf of rank 1 on which Frobk1 acts as ζ
[k1:k0],
j˜!∗ denotes the Goresky-MacPherson extension (conjugated by an appropriate shift).
Remark. In the situation of the above theorem one can construct also the following
isomorphism of sheaves:
F j˜!∗(Lψ(f(x)u1 . . . umtm+d
t1 . . . tm+d−1
)⊗ Lχ(f(x)u1 . . . um
t1 . . . tm+d−1
)⊗
Vρ(x) ⊗
m+d−1⊗
i=1
Lλi(t
−1
i )⊗
m⊗
j=1
Lµj (u
−1
j ))(m+
d+ n
2
) ≃ ζdeg ⊗
j˜∨!∗(Lψ(
(−1)m+df∨(x∨)u∨1 . . . u∨mt∨m+d
t∨1 . . . t
∨
m+d−1
)⊗ Lλm+d(
(−1)m+df∨(x∨)u∨1 . . . u∨mt∨m+d
t∨1 . . . t
∨
m+d−1
)⊗
Vρǫ(x∨)⊗
m+d−1⊗
i=1
Lλi(−t∨i )⊗
m⊗
j=1
Lµj (−u∨j )⊗ Lχ(−t∨m+d))
The proof is completely analogous to that of theorem 1.4.
2. Auxiliary results
Lemma 2.1. For almost all χ the perverse sheaf SV (χ, ρ) is irreducible.
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Proof. Consider the closed embedding i : U → V ×Gm such that i(x) = (x, f(x)).
Let K = i∗Vρ. Then according to [5] Theorem 2.3.1 (based on [8] (6.5.2)) the
canonical map
p1!(K ⊗ p∗2Lχ)→ p1∗(K ⊗ p∗2Lχ)
is an isomorphism for almost all χ. Hence, the canonical map
j!(Lχ(f)⊗ Vρ)[n]→ j∗(Lχ(f)⊗ Vρ)[n]
is an isomorphism for almost all χ. Therefore, for almost all χ the sheaf SV (χ, ρ)
coincides with the Goresky-MacPherson extension of an irreducible perverse sheaf
Lχ(f)⊗ Vρ[n].
Remark. To find explicitly the finite set of multiplicative characters χ for which
SV (χ, ρ) is not irreducible is a difficult problem. When ρ = 1 this set can be found
from the Bernstein polynomial of f (see [4]). In general one can at least assert
that if SV (χ, ρ) is not irreducible then there exists a point x ∈ V \ U such that
(α|Hx)∗Lχ is trivial, where Hx is the stabilizer of x. In the cases when G-orbits on
V are known this allows to give a bound on the set of exceptional characters.
Lemma 2.2. Let V be an irreducible G-equivariant local system on U . Then there
exists a multiplicative character of finite order χV and a canonical isomorphism of
G-equivariant sheaves on Gm × U (where G acts on the second factor):
dil∗ V ≃ LχV ⊠ V
where dil : Gm × U → U maps (t, x) to tx.
Proof. The local system dil∗ V on Gm × U is G-equivariant with respect to the
action of G on the second factor, hence we have
dil∗ V ≃ L⊠ V ′
for some local system L on Gm and some G-equivariant local system V ′ on U .
Restricting this isomorphism to {1} × U we find that V ′ ≃ V and the rank of L is
equal to 1. It remains to prove that L has form LχV . To this end let us fix a point
x0 ∈ U and let Hl be the stabilizer of the line l = lx0 spanned by x0. Then we
have a surjective homomorphism π : Hl → Gm, hence there exists a homomorphism
σ : Gm → Hl such that π ◦ σ : Gm → Gm is of the form t 7→ tN for some N > 0.
Now from G-equivariance we derive that the pull-back of L by π is trivial. Hence,
[π ◦ σ]∗L is trivial, so L ≃ LχV for some χV of finite order.
Lemma 2.3. Let K be a sheaf on Gm such that H
i(Gm, Lχ ⊗ K) = 0 for every
multiplicative character χ and every i 6= 0. Then K is perverse.
Proof. Since the functor RΓc(Gm, ?) has cohomological amplitude [0, 1] with respect
to the perverse t-structure our assumption on K immediately implies that pHiK =
0 for i 6= −1, 0, while for any χ one has
H0c (Gm, Lχ ⊗ pH−1K) = H1c (Gm, Lχ ⊗ pH0K) = 0
and
H0c (Gm, Lχ ⊗K) = H1c (Gm, Lχ ⊗ pH−1K)⊕H0c (Gm, Lχ ⊗ pH0K)
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This implies that χ(Gm,
pH−1K) = 0, hence RΓc(Gm, Lχ ⊗ pH−1K) = 0 for
every χ. Applying theorem of Laumon (see Proposition 3.4.5 of [5]) we obtain that
pH−1K = 0, so K is perverse.
We say that a sheaf K on Gm is !-hypergeometric if it is obtained as a multiplica-
tive shift of the !-convolution of a finite number of sheaves of the form Lχ⊗Lψ|Gm [1]
or inv∗(Lχ ⊗ Lψ|Gm)[1] where inv : Gm → Gm : t 7→ t−1. Recall (see e.g. Propo-
sition 8.5.2 of [7]) that any perverse sheaf on Gm has non-negative Euler-Poincare´
characteristic and the only simple perverse sheaves with zero Euler-Poincare´ char-
acteristic are the sheaves of the form Lχ[1]. By a theorem of Katz every simple
perverse sheaf with Euler-Poincare´ characteristic equal to 1 is !-hypergeometric.
The following proposition is a slight strengthening of this result.
Proposition 2.4. Let K be a sheaf on Gm such that χ(Gm,K) = 1 and H
i
c(Gm, Lχ⊗
K) = 0 for i 6= 0 for every multiplicative character χ. Then K is a !-hypergeometric
sheaf.
Proof. It follows from lemma 2.3 that K is perverse. We use induction in length
of K. If K is simple then the assertion follows from Theorem 8.5.3 of [7]. Assume
that K is not simple and let K0 be a simple perverse subobject of K, so that we
have an exact sequence
0→ K0 → K → K1 → 0. (2.1)
We necessarily have χ(Gm,K1) ≤ 1. Suppose χ(Gm,K1) = 0. Then K1 is a
successive extension of sheaves of the form Lχ[1]. However, for any χ one has
Hom(K,Lχ[1]) ≃ H0(Gm, D(K ⊗ Lχ−1 [1])) ≃ H0c (Gm,K ⊗ Lχ−1 [1])∗ = 0
(whereD denotes the Verdier duality) which is a contradiction. Therefore, χ(Gm,K1) =
1. Furthermore, for any χ the space Hom(K1, Lχ[1]) is a subspace of Hom(K,Lχ[1]) =
0. Thus,H1c (Gm,K1⊗Lχ−1) = 0 and by induction assumptionK1 is a !-hypergeometric
sheaf. On the other hand, χ(Gm,K0) = 0, hence K0 ≃ Lχ0 [1] for some character
χ0. Notice that the exact sequence (2.1) doesn’t split (otherwise, we would have
H1c (Gm, Lχ−1
0
⊗K) 6= 0). It remains to use the fact that every non-trivial extension
of a !-hypergeometric sheaf K1 by Lχ0 [1] is !-hypergeometric which follows from the
fact that dimExt1(K1, Lχ0 [1]) = 1 and Theorem 8.4.7 of [7].
Lemma 2.5. Assume that for some collections of characters λi, µj , λ
′
k, µ
′
l defined
over finite field k0 one has the identity∏
g(χ(λi ◦N))g(χ−1(µj ◦N)) = c[k1:k0]χ(a)
∏
g(χ(λ′k ◦N))g(χ−1(µ′l ◦N))
for every multiplicative character χ of every finite extension k1 of k0, where c ∈ Q∗l ,
a ∈ k∗0 are some constants, N : k∗1 → k∗0 is the norm. Then the collections (λi) and
(λ′k) (resp. (µj) and (µ
′
l)) coincide.
Proof. Both parts of the identity are multiplicative Fourier transform of trace
functions of !-hypergeometric sheaves on Gm. Hence, by Theorem 1.1.2 of [12]
semisimplifications of these sheaves are isomorphic. Looking at the monodromy
at 0 and ∞ we conclude that the corresponding collections of characters should
coincide (see [7], Theorems 8.4.11 and 8.4.12).
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Lemma 2.6. Let χ be a non-trivial multiplicative character. Then for every sheaf
K on A1 one has a canonical isomorphism
H0c (Gm, Lχ ⊗ j∗1F(K)) ≃ G(χ)⊗H0c (Gm, Lχ−1 ⊗ j∗1K).
Proof. One has
H0c (Gm, Lχ ⊗ j∗1F(K)) ≃ H0c (Gm × A1, Lχ(a)⊗ Lψ(at)⊗ p∗2K[1])
where a is the coordinate on Gm, t is the coordinate on A
1. Projecting to the
second factor and using (1.2) we obtain the result.
3. Computation
To compute the Fourier transform of j!(Lχ(f) ⊗ Vρ) we want to combine the
information coming from G-equivariance and from the stationary phase approxi-
mation. Technically the latter is obtained from the Picard-Lefschetz formula. The
idea is to use the condition that F = grad log f induces a birational isomorphism
from V to V ∨. Let us define a rational function on V × Ad where d = deg f by
R(x, t1, . . . , td) =
f(x)
t1 . . . td
.
We will denote by y = (x, t1, . . . , td) the coordinate in V × Ad and by ξ =
(x∨, t∨1 , . . . , t
∨
d ) the coordinate in the dual space V
∨ × Ad. We denote
〈y, ξ〉 = 〈x, x∨〉+ t1t∨1 + . . .+ tdt∨d .
Lemma 3.1. The map y 7→ gradR(y) induces an isomorphism from U × Gdm to
U∨ ×Gdm with the inverse ξ 7→ (−1)dR∨(ξ)−2 gradR∨(ξ) where R∨ is defined in a
similar way as R starting from f∨ instead of f .
Proof. This follows easily from (1.3).
The above lemma implies that for ξ ∈ U∨ ×Gdm the function
Rξ(y) = R(y) + 〈y, ξ〉 (3.1)
has a unique critical point in U × Gdm, namely yξ = (gradR)−1(ξ). Moreover, yξ
is a non-degenerate quadratic singularity of the corresponding level set of Rξ (see
[15], sec. 6; in particular, if characteristics of k is equal to 2 this implies that n+ d
is even).
Lemma 3.2. The unique critical value of Rξ is equal to (−1)dR∨(ξ)−1.
Proof. According to lemma 3.1 the unique critical point of Rξ is
yξ = (−1)dR∨(ξ)−2 gradR∨(ξ),
hence
〈yξ, ξ〉 = (−1)dR∨(ξ)−2 · 〈gradR∨(ξ), ξ〉 = 0
since degR∨ = 0. Hence, the critical value is equal to
Rξ(yξ) = R(yξ) = R(gradR
∨(ξ)).
Now using (1.4) it is easy to see that
R(gradR∨(ξ)) = (−1)dR∨(ξ)−1.
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Lemma 3.3. For every multiplicative character χ, an irreducible G-equivariant
local system V on U and a point ξ ∈ U∨ ×Gdm one has
G(χ−1)⊗F(J!(Lχ(R)⊗ p∗UV))|ξ ≃ RΓc(Gm, Lχ−1χV ⊗ j∗1F(Rξ!(p∗UV))[n+ d])
where J : U × Gdm → V × Ad is the natural embedding, Rξ : U × Gdm → A1 is the
morphism defined by (3.1), pU is the projection to U , the character χV was defined
in lemma 2.2, j1 : Gm → A1 is the standard embedding.
Proof. Using the isomorphism (1.1) we can write
G(χ−1)⊗F(J!(Lχ(R)⊗ p∗UV))|ξ ≃
≃ RΓc(Gm × U ×Gdm, Lχ−1(a)⊗ Lψ(aR(y) + 〈y, ξ〉)⊗ p∗UV [n+ d+ 1])
where a is coordinate on the first factor Gm. Now making a change of variables
y 7→ ay and using the fact that R has degree 0 and lemma 2.2 we obtain
RΓc(Gm × U ×Gdm, Lχ−1(a)⊗ Lψ(aR(y) + 〈y, ξ〉)⊗ p∗UV [n+ d+ 1])
≃ RΓc(Gm × U ×Gdm, Lχ−1χV (a)⊗ Lψ(aRξ(y))⊗ p∗UV)[n+ d+ 1])
≃ RΓc(Gm × A1, p∗1Lχ−1χV ⊗ Lψ(at)⊗ p∗2Rξ!(p∗UV)[n+ d+ 1])
≃ RΓc(Gm, Lχ−1χV ⊗ j∗1F(Rξ!(p∗UV))[n+ d]).
Lemma 3.4. For every ξ ∈ U∨ × Gdm the sheaf j∗1F(Rξ!(p∗UV))[n + d] on Gm is
perverse.
Proof. The sheaf (J∨)∗F(J!(Lχ(R) ⊗ p∗UV))[n + d] on U∨ × Gdm is perverse and
relative equivariant with respect to the transitive action of G × Gm. Therefore, it
is equal to some local system shifted by [n + d]. Now lemma 3.3 implies that for
any χ the cohomology of RΓc(Gm, Lχ ⊗ j∗1F(Rξ!(p∗UV))[n + d]) is concentrated in
degree zero. It remains to apply lemma 2.3.
Lemma 3.5. For every ξ ∈ U∨ ×Gdm and every i 6= n+ d the sheaf pHiRξ!(p∗UV)
is constant (up to a shift).
Proof. This follows from lemma 3.4 and from t-exactness of the Fourier transform
(see [12]).
Let V = Vρ be an irreducible G-equivariant local system on U , χ be a multiplica-
tive character. The sheaf F = j!(Lχ(f) ⊗ V) on V is relative G-equivariant with
characters (α, χ). Therefore, its Fourier transform is also relative G-equivariant
with the same characters. Taking into account the fact that F(F )[n] is perverse we
conclude that
(j∨)∗F(j!(Lχ(f)⊗ V)) ≃ Lχ−1(f∨)⊗ V∨
where V∨ is a G-equivariant sheaf on U∨. Therefore, we have
(J∨)∗F(J!(Lχ(R)⊗ p∗UV)) ≃ G(χ−1)d ⊗ Lχ−1(R∨)⊗ p∗U∨V∨
where pU∨ : U
∨×Gdm → U∨ is the projection. Let us fix a point ξ ∈ U∨×Gdm such
that R∨(ξ) = 1. Then we have an isomorphism of G(χ−1)d ⊗ V∨ξ , where V∨ξ is the
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fiber of p∗U∨V∨ at ξ, with the fiber of F(J!(Lχ(R)⊗ p∗UV)) at ξ. Using lemma 3.3
we can write
V∨ξ ≃ G(χ−1)−d−1 ⊗RΓc(Gm, Lχ−1χV ⊗ j∗1F(Rξ!(p∗UV))[n+ d]).
(3.2)
Notice that this isomorphism is compatible with the grading (where degG(χ−1) =
0) so the cohomology of the RHS is concentrated in degree 0.
Proof of theorem 1.1. Assume that χ 6= χV . Then using lemma 2.6 and lemma 3.5
we deduce from (3.2) a (non-canonical) isomorphism
V∨ξ ≃ H0c (Gm, Lχχ−1
V
⊗K). (3.3)
where K = j∗1
pHn+dRξ!(p
∗
UV). Let Hξ ⊂ G × Gdm be the stabilizer of ξ, Hξ be
its group of connected components. The isomorphism (3.3) is compatible with the
action of Hξ (the action on the RHS is induced by the action of Hξ on V × Gdm
which preserves the function Rξ). We can write K = ⊕WW ⊗KW where the sum
is taken over irreducible representations of Hξ, KW are perverse sheaves on Gm.
Then we have
V∨ξ ≃ ⊕WW⊕χc(Gm,KW ),
According to Grothendieck-Ogg-Shafarevich formula we have
χc(Gm,KW ) = −
∑
t∈Gm(k)
at(KW )− s0(KW )− s∞(KW )
where for every t ∈ P1(k) we denote by st(F ) the Swan conductor of F at t,
at(F ) = rk(F ) + st(F ) − rk(F |t). Note that all the numbers −at(KW ) are non-
negative since KW are perverse (see lemma (2.2.1.1) of [12]). Furthermore, we
have
−at(KW ) ≥ rk(KW [−1])− rk(KW |t[−1]) = rkΦt(KW [−1])
where Φt denotes the vanishing cycles functor near the point t (indeed, the re-
striction of KW [−1] to some non-empty open subset of Gm is a local system con-
centrated in degree 0, hence st(KW [−1]) ≥ 0). Thus, we have an isomorphism of
Hξ-representations
V∨ξ ≃ ⊕t∈GmΦt(K[−1])⊕ P
for some Hξ-representation P . Note that by lemma 3.5 we have
Φt(K[−1]) = Φt(Rξ!(p∗UV)[n+ d− 1])
According to lemmas 3.1 and 3.2 the function Rξ has a unique critical point y0
and the corresponding critical value is t0 = (−1)d. Since y0 is a unique critical
point of Rξ on U ×Gdm, it is preserved by the action of Hξ. Hence the Hξ-module
Φt0(Rξ!(p
∗
UV)[n+ d− 1]) contains
Φ(p∗UV [n′ − 1])|y0 ≃ Vy0 ⊗ Φ(Ql[n+ d− 1])|y0
as a direct summand, where Φ denotes the functor of vanishing cycles with respect
to Rξ, Vy0 is the fiber of p∗UV at y0. Furthermore, since y0 is a non-degenerate
singular point we have according to Picard-Lefschetz formula (see [3]) that L =
Φ(Ql[n + d − 1])|y0 is a one-dimensional vector space concentrated in degree 0.
Note that the isomorphism of Hξ with Hy0 induced by the action of Hξ on U ×Gdm
coincides with the isomorphism between HpU∨ (ξ) and HpU (y0) considered before.
Let us denote by H any of these group. The H-representation V∨ξ contains Vy0 ⊗L
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as a direct summand. The action of H on Vy0 is given by the representation ρ
where V = Vρ. On the other hand, the space of vanishing cycles L has a canonical
generator up to a sign. This implies that the action of H on it is given by some
character ǫ : H → {±1}. According to lemma 2 for almost all χ the local system
V∨ is irreducible, hence V∨ξ coincides with its direct summand Vy0 ⊗L, so we have
V∨ ≃ Vρ⊗ǫ. This proves part (a) of Theorem (1.1).
Now invoking the isomorphism (3.2) which holds for all characters χ we deduce
that
j∗1F(Rξ!(p∗UV))[n+ d] = (ρ⊗ ǫ)⊗M (3.4)
for some sheaf M on Gm such that RΓc(Gm, Lχ ⊗M) is concentrated in degree
zero for all χ, and χ(Gm,M) = 1. By lemma 3.4 M is perverse, hence, applying
proposition 2.4 we conclude that M is a !-hypergeometric sheaf. Thus, for every
character χ we have a canonical isomorphism
(j∨)∗Fj!(Lχ(f)⊗ Vρ) ≃ G(χ−1)−d−1 ⊗H0c (Gm, Lχ−1χV ⊗M)⊗ Lχ−1(f∨)⊗ Vρ⊗ǫ.
(3.5)
This finishes the proof of theorem (1.1).
An additional information that we get from the above argument is recorded in
the following lemma.
Lemma 3.6. The sheaf Rξ!(p
∗
UV) is tamely ramified on P1 and is smooth on Gm \
{(−1)d}.
Proof of theorem 1.2. Let M be the !-hypergeometric sheaf defined by (3.4). If ξ
is a k0-point then M is defined over k0. It follows that for some a ∈ k∗ the sheaf
[a]∗M (where [a](b) = ab) is isomorphic (forgetting the action of Frobenius) to the
!-convolution of sheaves of the form Lλi ⊗ Lψ[1], i = 1, . . . ,m1, inv∗(Lµj ⊗ Lψ)[1],
j = 1, . . . ,m2, where λi and µj are multiplicative characters of some finite extension
k′0 of k0. First we claim that m1 = m2 + 1 and a = (−1)m2+d. Indeed, lemma
3.6 implies that F(j1!M) is tamely ramified on P1 and is smooth outside (−1)d+1.
But F(j1!M)|Gm is the !-hypergeometric sheaf obtained by a multiplicative shift
by a−1 of the !-convolution of the sheaves Lψ[1], Lµj ⊗ Lψ[1], j = 1, . . .m2, and
inv∗(Lλi⊗Lψ)[1], i = 1, . . . ,m1. According to Theorem 8.4.11 of [7] such a sheaf is
tamely ramified only ifm1 = m2+1, and smooth outside (−1)d+1 only if (−1)m1a =
(−1)d+1, which proves our claim. Taking traces of Frobenius acting on both sides
of (3.5) we get the equality of the form
Fk1j!(Tr(ρx)χ(f(x)))(x∨) = c[k1:k0] · χ(−1)m2+d ×∏m2+1
i=1 g(χ
−1(λ′i ◦N))
∏m2
j=1 g(χ(µ
′
j ◦N))
g(χ−1)d+1
· Tr((ρ⊗ ǫ)x∨)χ−1(f∨(x∨)) (3.6)
for every x∨ ∈ U∨(k1) where k1 is a finite extension of k′0, N : k∗1 → (k′0)∗ is the
norm, Fk1 is the discrete Fourier transform on V (k1) defined as follows:
Fk1(φ)(x∨) = (−1)nq−
n
2
∑
x∈V (k1)
φ(x)ψ(T 〈x, x∨〉) (3.7)
where q = |k1|, T : k1 → k0 is the trace. Note that for generic χ the sheaf
j!Lχ(f) ⊗ Vρ is pure of weight 0. Since the Fourier-Deligne transform sends pure
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sheaves to pure sheaves raising weights by n we find from (3.6) that the constant c
should be of weight d− 2m2 relative to |k0|.
It remains to get rid of the denominator in the RHS of (3.6), i.e. to prove that
d+1 of the characters λ′i are trivial. The idea is to compute the Fourier transform by
a different method to obtain an equality similar to (3.6) but with the denominator
in the RHS only containing Gauss sums of the form g(χ−1χi) with χi non-trivial.
Then lemma 2.5 will imply that the denominator in (3.6) can be cancelled.
Let us fix non-trivial multiplicative characters χ1, . . . , χd of k
′
0 and consider the
smooth sheaf
V˜ = V ⊠ Lχ1 ⊠ . . . Lχd
on U ×Gdm. We want to compute the Fourier transform of the sheaf J!(Lχ(R)⊗ V˜)
on Vd = V ×Ad using the Radon transform (see e.g. Lemma 3.3.9 of [4]). Since R
has degree zero we have
FJ!(Lχ(R)⊗ V˜) ≃ RJ!(Lχ(R)⊗ V˜) := p2!(p∗1J!(Lχ(R)⊗ V˜)⊗ ω)[n+ d]
where ω is the sheaf on Vd × V ∨d defined as the cone of the natural adjunction
morphism e!e
!Ql → Ql for the closed embedding e of the affine hyperplane Q =
{(y, ξ) : 〈y, ξ〉 = 1} into Vd × V ∨d . Note that the stabilizer Hξ of ξ ∈ V ∨d acts on
Vd preserving Q ∩ p−12 (ξ), hence the sheaf ωξ := ω|p−1
2
(ξ) is Hξ-equivariant and the
isomorphism
F(J!(Lχ(R)⊗ V˜))|ξ ≃ RΓc(U ×Gdm, Lχ(R)⊗ V˜ ⊗ J∗ωξ[n+ d])
is compatible with the Hξ-action. We can write
RΓc(U ×Gdm, Lχ(R)⊗ V˜ ⊗ J∗ωξ[n+ d]) ≃ RΓc(Gm, Lχ(R)⊗Kξ)
where Kξ = R!(V˜ ⊗ J∗ωξ[n + d]). Choosing ξ in the form (x∨; 1, . . . , 1) where
f∨(x∨) = 1 we obtain that
F(j!(Lχ(f)⊗ V))|x∨ ≃
d⊗
i=1
G(χ−1χi)
−1 ⊗RΓc(Gm,Kξ).
We have an Hξ-isomorphism Kξ ≃ (ρ⊗ ǫ)⊗Kξ and by proposition 2.4 the sheaf Kξ
is !-hypergeometric. Thus, we obtain the equality similar to (3.6) but with constant
factor of the form
(c˜)[k1:k0] · χ(a˜) ·
∏m˜1
i=1 g(χ
−1(λ˜i ◦N))
∏m˜2
j=1 g(χ(µ˜j ◦N))∏d
i=1 g(χ
−1(χi ◦N))
Since the characters χi are non-trivial we can finish the proof of (1.7) by applying
lemma 2.5.
It remains to prove the last statement of Theorem 1.2. Let us fix ρ. For every
finite extension k′0 ⊂ k1 and a character χ of k∗1 we can write the equality (1.7) in
the form
(j∨)∗Fk1(j!φχ) = Cχ · φ∨χ
where
φχ(x) = Tr(ρx)χ(f(x))
for x ∈ U(k1),
φ∨χ(x
∨) = Tr((ρ⊗ ǫ)x∨)χ−1((−1)mf∨(x∨))
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for x∨ ∈ U∨(k1),
Cχ = ζ
[k1:k0] ·
m+d∏
i=1
g(χ(λi ◦N))√
q
·
m∏
j=1
g(χ−1(µj ◦N))√
q
.
We want to prove that if χ is different from all the characters λi ◦ N , µj ◦ N
then Fk1(j!φχ) is zero outside U∨(k1). First we claim that one can assume k1 to
be sufficiently large. Indeed, assume that there exists a finite extension k1 ⊂ k′1
such that for every finite extension k′1 ⊂ k2 the function Fk2(j!φχ◦Nk2/k1 ) vanishes
outside U∨(k2). This implies that the sheaf F(j!Lχ) is zero outside U∨ (by Theorem
1.1.2 of [12]), in particular, Fk1(j!φχ) vanishes outside U∨(k1). Now we can choose
k1 large enough so that there exists a character χ0 of k
∗
1 (different from all the
characters λi ◦N and µj ◦N) such that
Fk1(j!φχ0) = Cχ0 · j∨! φ∨χ0
(this follows from theorem 1.1 (a)). Using the identity ||Fk1(φ)|| = ||φ|| we derive
that
||j!φχ0 || = |Cχ0 | · ||j∨! φ∨χ0 || (3.8)
Now the statement follows imeediately from the fact that the norms ||j!φχ|| and
||j∨! φ∨χ || do not depend on χ. Indeed, assume that χ is different from all the char-
acters λi ◦N and µj ◦N . Then we have |Cχ| = |Cχ0 |, so we can replace χ0 by χ in
the equality (3.8). It follows that the norm of the function Fk1(j!φχ) is equal to the
norm of its restriction to U∨(k1), hence this function vanishes outside U
∨(k1).
Proof of theorem 1.4. By irreducibility it suffices to prove the isomorphism of
restrictions of sheaves in both sides to U∨ × G2m+dm . The idea is to combine (1.7)
with the simple identity
(1− q) · ψ(a)λ(a) =
∑
ν
g(λν)ν−1(a) (3.9)
where a ∈ k∗1 , λ is a character of k∗1 , the sum is taken over all characters of k∗1 ,
by abuse of notation we denote by ψ the additive character of k1 composed of the
trace and ψ. Applying (3.9) we get
(1 − q) · (j˜∨)∗Fk1 j˜!(ψ(
f(x)u1 . . . um
t1 . . . tm+d
)(χ ◦N)(f(x)u1 . . . um
t1 . . . tm+d
)Tr(ρ(rx))×
∏
i
λ−1i (Nti)
∏
j
µ−1j (Nuj)) =
∑
ν
g(ν(χ ◦N)) · (j˜∨)∗Fk1 j˜!(ν−1(f(x))Tr(ρ(rx))×
∏
i
(ν(λ−1i ◦N))(ti)
∏
j
(ν(µj ◦N))−1(uj)).
Here Fk1 denotes the Fourier transform on (V × A2m+d)(k1) defined by a formula
similar to (3.7) but with n replaced by n+ 2m+ d, N : k∗1 → (k′0)∗ is the norm.
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Now applying (1.7) we can rewrite this as
ζ [k1:k0] · q−2m−d ·
∑
ν
g(ν(χ ◦N))ν((−1)m f
∨(x∨)u∨1 . . . u
∨
m
t∨1 . . . t
∨
m+d
)Tr((ρǫ)(rx∨ ))×
∏
i
λi(Nt
∨
i )g(ν
−1(λi ◦N))g(ν(λ−1i ◦N))
∏
j
µj(Nu
∨
j )g(ν(µj ◦N))g(ν−1(µj ◦N)−1) =
ζ [k1:k0] ·
∑
ν
g(ν(χ ◦N))ν( (−1)
m+df∨(x∨)u∨1 . . . u
∨
m
t∨1 . . . t
∨
m+d
)Tr((ρǫ)(rx∨ ))×
∏
i
λi(N(−t∨i ))
∏
j
µj(N(−u∨j )) + (1− q) ·
M∑
i=1
mitk1(Fi)
where the coefficients mi ∈ Z do not depend on the extension k1, tk1(Fi) are the
trace functions of some simple perverse sheaves which are relative equivariant with
respect to the natural action of Gm×G2m+dm on U ×G2m+dm (where the first factor
Gm acts on U by dilations). Finally we can use (3.9) again to deduce the following
equality
(j˜∨)∗Fk1 j˜!(ψ(
f(x)u1 . . . um
t1 . . . tm+d
)(χ ◦N)(f(x)u1 . . . um
t1 . . . tm+d
)Tr(ρ(rx))×
∏
i
λ−1i (Nti)
∏
j
µ−1j (Nuj)) =
= ζ [k1:k0]ψ(
(−1)m+dt∨1 . . . t∨m+d
f∨(x∨)u∨1 . . . u
∨
m
)(χ ◦N)( (−1)
m+dt∨1 . . . t
∨
m+d
f∨(x∨)u∨1 . . . u
∨
m
)Tr((ρǫ)(rx∨))×
∏
i
λi(N(−t∨i ))
∏
j
µj(N(−u∨j )) +
M∑
i=1
mitk1(Fi).
The LHS of this identity is the trace function of the sheaf
(j˜∨)∗F j˜!(Lψ(f(x)u1 . . . um
t1 . . . tm+d
)⊗ L)
where
L = Lχ(f(x)u1 . . . um
t1 . . . tm+d
)⊗ Vρ(x)⊗
⊗
i
Lλ−1i
(ti)⊗
⊗
j
Lµ−1j
(uj).
Hence, it differs from the trace function of the sheaf
F = (j˜∨)∗F j˜!∗(Lψ(f(x)u1 . . . um
t1 . . . tm+d
)⊗ L)
by a linear combination of trace functions of simple perverse sheaves (up to shift)
on U∨ ×G2m+d which are not isomorphic to F . Assume that F 6= 0. Then it is a
simple perverse sheaf (up to shift), hence by Theorem 1.1.2 of [12] it coincides with
one of the sheaves corresponding to terms in the RHS. It remains to prove that
F 6= 0 and F is not relative equivariant with respect to the action of Gm×G2m+dm .
Note that the sheaf F is the image of the morphism of perverse sheaves F! → F∗
where F! (resp. F∗) is defined by the same formula but using the !-extension (resp.
∗-extension). Let us consider the action of Gm on V ×A2m+d (resp. on V ∨×A2m+d)
such that for t ∈ Gm the corresponding operator β(t) : V × A2m+d → V × A2m+d
(resp. β∨(t) : V ∨ × A2m+d → V ∨ ×A2m+d) multiplies the coordinate t1 (resp. t∨1 )
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by t and leaves all the other coordinates unchanged. Let us denote by Q the map
from U ×G2m+dm to Gm given by
Q(x, t1, . . . , tm+d, u1, . . . , um) =
f(x)u1 . . . um
t1 . . . tm+d
.
Let us fix ξ ∈ U∨×G2m+dm and denote by Qξ : U ×G2m+dm → A1 the map given by
Qξ(x˜) = Q(x˜) + 〈x˜, ξ〉.
Then we claim that there exist a commutative diagram
F!(tβ
∨(t)ξ)⊗ Lλ−1
1
✲ F((Qξ)!L)|Gm
❄ ❄
F∗(tβ
∨(t)ξ)⊗ Lλ−1
1
✲ F((Qξ)∗L)|Gm
(3.10)
where rows are isomorphisms, t is the coordinate on Gm. Indeed, the first row is
obtained from the following sequence of isomorphisms:
F((Qξ)!L)|t ≃ H∗c (U ×G2m+dm , Lψ(tQξ(x˜))⊗ L(x˜)) ≃
≃ H∗c (U ×G2m+dm , Lψ(Q(β(t)−1x˜) + 〈x˜, tξ〉)⊗ L(x˜)) ≃
≃ H∗c (U ×G2m+dm , Lψ(Q(x˜) + 〈β(t)x˜, tξ〉)⊗ L(β(t)x˜)) ≃
≃ H∗c (U ×G2m+dm , Lψ(Q(x˜) + 〈x˜, tβ∨(t)ξ〉) ⊗ L(x˜))⊗ Lλ−1
1
|t ≃
≃ F!(tβ∨(t)ξ) ⊗ Lλ−1
1
|t.
Similarly, one constructs the lower arrow in the diagram (3.10) and the commu-
tativity can be easily checked. Thus, it suffices to prove that the image of the
morphism
(Qξ)!L → (Qξ)∗L
is not a smooth sheaf on Gm. By exactness of the vanishing cycles functor it suffices
to prove that for some point t0 ∈ Gm the natural map
Φt0(Qξ)!L → Φt0(Qξ)∗L (3.11)
is non-zero, where Φt0 denotes the vanishing cycles functor at t0. This follows from
the fact that there exists a unique non-degenerate critical point of Qξ in U×G2m+dm
with non-zero critical value t0 (this can be checked as in lemmas 3.1 and 3.2) and
Picard-Lefschetz formula. Indeed, according to this formula the non-degenerate
critical point gives a one-dimensional direct summand in both Φt0((Qξ)!L) and
Φt0((Qξ)∗L) which maps identically under the morphism (3.11).
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